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The problem of wave propagation in an irregular ground is crucial when the landform is complex as in the case of Japan.  This 
problem has been studied by a number of researchers; however, most of studies were made from the viewpoint of body wave 
propagation and only a few dealt with surface waves.  The objective of this study is to examine Rayleigh and Love wave propagation 
in an irregular ground based on the combined method of thin layered element and finite element.  In this paper, the following 
conclusions are made:  1. H/V spectra of a horizontally layered medium as well as the surface wave modes can be obtained based on 
the thin layered element method.  2. When an incident Rayleigh/Love wave propagates toward an irregular ground, different type of 
Rayleigh/Love wave modes as well as body waves are generated.  3. In the microtremor wave field due to various incident surface 
waves, it has pointed out that the peak frequency and its height of H/V spectrum changes according to the distance from the 





A detailed soil profile is requisite for an accurate estimation of 
the behavior of the ground during earthquakes.  There are a 
number of methods available that are used for this purpose.  
Among others, microtremor measurement is one of the most 
popular ways and has been conducted extensively.  It is 
accepted that the peak frequency of its horizontal-to-vertical 
spectral ratio (H/V spectrum) obtained from microtremor 
measurement corresponds to the natural frequency of a surface 
soil.  This correspondence has been explained by the theory of 
surface wave propagation in a layered medium (Tokimatsu 
and Arai [1998]).  Since the closed form solution to this 
problem is available, this approach is used as a basis for the 
identification process of a soil profile.  However, difficulty 
arises in the case of an irregular ground where the parallel 
layer assumption is not established (Horike [1993]).  The 
problem of wave propagation in an irregular ground is crucial 
when the landform is complex as in the case of Japan and has 
been studied by a number of researchers; however, most of 
studies were made from the viewpoint of body wave 
propagation and only a few dealt with surface waves (e.g., 
Lysmer and Drake [1972], Uebayashi [2006]).  The objective 
of this study is to examine surface (Rayleigh and Love) wave 
propagation in an irregular ground based on the combined 
method of thin layered element and finite element.  The 
authors have already reported some of the basic studies on the 
two-dimensional problem (Nakagawa and Nakai, [2008, 
2009]).  In this paper, the outline of the two-dimensional (2D) 
problem is briefly reviewed, followed by an extensive study of 
the microtremor wave field based on this approach.  Finally, 
its extension to 2.5D problem (2D irregular ground subject to 
obliquely incident surface waves) is examined. 
 
 
2D THIN LAYERED ELEMENT METHOD 
 
In this study, a finite element technique has been applied to 
the wave propagation problem due to an excitation force and a 
surface wave incidence.  A lumped mass finite element 
formulation for a multilayered system with a rigid base was 
developed by Lysmer [1970] and was extended by Waas 
[1972] to include a consistent mass formulation and love 





A soil which is a horizontally layered linear elastic medium is 
considered, as shown in Fig.1.  Suppose the displacement at an 
arbitrary point in a layer be expressed as v(z)exp(iωt-ikx).  
Applying the finite element technique in the z-direction in 
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conjunction with this expression leads to the following 
eigenvalue problem in terms of the wave number k and modal 
displacement amplitude vector {v}: 
            022  vMGBikAk    (1) 
 
where, [A],[B] and [G] are the stiffness matrices and [M] is the 
mass matrix.  Each of these matrices consists of element 
matrices with the size of 6 x 6 for the plane strain condition 
when quadratic elements are utilized.  Eq. (1) is a quadratic 
eigenvalue problem.  A numerical technique can be applied to 
find eigenvalues and corresponding eigenvectors.  An 
emphasis can be placed on the fact that among these 
eigenvalues there exist “physical” modes which correspond to 
actual Rayleigh waves. 
 
 
Line Load Excitation and Corresponding Amplitude Function 
 
The load-displacement relationship, i.e. the dynamic stiffness 
matrix, at a vertical boundary of semi-infinite layered region is 
called a transmitting boundary and is given for the region 
extending toward right and left as: 
 
 






























where [V] is the matrix which contains mode shapes in its 
column, [K] is the diagonal matrix which contains wave 
numbers on its diagonal and [D] is related to [B] through 
[B]=[D]T-[D].  The dynamic stiffness matrix, [L], of a left 
layered region may be computed from the corresponding right 
layer’s matrix, [R] by changing only the sign of all the 
coefficients that relate horizontal forces to vertical 
displacement or vertical forces to horizontal displacements.  
Since [R]+[L] is the stiffness matrix at the vertical boundary 
x=0, we can calculate the displacement at the vertical 
boundary, {u}R, when an external force acts at x=0.  The mode 
participation factor, {α}, can be obtained as follows: 
 
     RuV 1    (3) 
 
It is worthy of note that the participation factors of the 
“physical” mode represent their medium responses (Harkrider 
[1964]), or amplitude functions. 
 
 
H/V Spectra due to Surface Waves 
 
By consulting the work done by Tokimatsu and Arai [1998], 
the horizontal-to-vertical displacement ratio at the ground 
surface, i.e., the H/V spectrum, due to Rayleigh and Love 
waves can be computed from the modal amplitudes and the 
participation factors by the following expressions: 
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where,  is the H/V ratio of excitation forces and R/L is the 
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Fig. 1.  Thin layered element method 
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Verification of Accuracy 
 
In order to verify the accuracy of the thin layered element 
method, a two layered soil has been analyzed in terms of 
phase velocities, modal amplitude distributions, H/V spectra, 
displacements due to a line load excitation and amplitude 
functions.  Properties of the soil are shown in Fig. 5.  Results 
are shown in Figs. 2 through 4, in the form of a comparison 
with those obtained by linear elements and theoretical 
solutions (Saito and Kabasawa [1993], Nakai and Fukuwa 
[1984]).  As we can see from these figures, the thin layered 
element method in conjunction with quadratic elements gives 
far more accurate results compared to linear elements and can 
be considered a very good alternative to the theoretical 
solution method.  Here, R/L is set to 0.7, referring to 
Tokimatsu and Arai [1998]. 
 
 
INCIDENT RAYLEIGH WAVE IN AN IRREGULAR 
GROUND 
 
A number of studies have been made on the surface wave 
propagation based on the hypothesis that the soil medium is 
horizontally layered.  The applicability of H/V spectra of  
microtremors to estimating dynamic properties of the ground 
is usually discussed in this context.  However, we often 
encounter a situation in which it is difficult to assume 
horizontal layering.  In this study, a two-dimensional finite 
element approach in conjunction with the thin layered element 
method described above has been used to investigate Rayleigh 
wave propagation in an irregular ground.  A similar topic was 
discussed by the previous researchers (e.g., Drake [1972], 


























Method of 2D Analysis 
 
The analysis method is based on the so-called substructure 
approach in elastodynamics.  In this approach, an infinite 
medium  is divided into a near field and a far field.  In the 
analysis of the near field, the impedance matrix of the far field 
is attached to the near field at its boundary and the driving 
force due to an incident wave from the far field is applied to 
the boundary.  Suppose that a soil model is divided into three 
parts along the vertical boundaries as shown in Fig. 5.  The 
driving force due to an incident Rayleigh wave propagating 
from left can be expressed as: 
        ssssc pvLf  *      (5) 
 
where, [L] is the impedance matrix of a left layered soil, suffix 
s is the mode number, α is the mode participation factor, {v} is 
the mode shape and {p} is the traction corresponding to α{v} 





In this study, an irregular ground with a slope is considered, as 
shown in Fig. 5.  The soil consists of two layers and their 
boundaries are parallel to the ground surface.  The underlying 
layer is assumed as a half-space.  The angle of inclination of 
the slope is 45° and the height is 12m, same as the thickness of 
surface layer.  As shown in the figure, the surface layer 
consists of three quadratic elements, while 22 elements are 
allotted to the underlying layer.  The fixed condition is 
assumed at the bottom boundary but its depth varies with 
frequency in order for the half-space approximation to be 
made, following the relationship: H=4Vs/f, where Vs is the 
shear wave velocity of the underlying layer.  In order to 
suppress body wave reflection from the bottom boundary, 
relatively large damping if 30% to 50 % is assumed in the 
lower part of the model. 
 
 
2D Wave Field due to an Incident Rayleigh Wave 
 
Figure 6 shows the wave filed in an irregular ground due to an 
incident Rayleigh wave either from the left or the right layered 
soil.  The analysis frequency is 10 Hz and there exist two sets 
of Rayleigh wave mode for this frequency, i.e., fundamental 
and first higher modes, respectively.  Thus, Fig. 6 consists of 
four cases of results.  Each case has four diagrams: cross 
sectional distributions of the amplitude and the phase of 
horizontal and vertical displacements.  It is clearly seen from 
the phase diagrams that body waves are generated as reflected 
waves from the slope (represented by a series of concentric 
circle patterns).  Thus, wave propagation becomes fairly 
complex due to the existence of irregularity.  If we look at the 
upland and the lowland away from the slope, it is noticed that 
the phase patterns become vertical as the distance from the 
slope increases.  This explains that the body waves attenuate 
rapidly  compared  to  the surface waves because of large geo- 
Fig. 5.  FEM model  
(There are 11678 nodes and 3775 finite elements) 
x=0







































































































































Fig. 6.  2D Wave field due to incident Rayleigh wave (10Hz)   
c) 1st higher  mode incidence from left d) 1st higher mode incidence from right 
a) Fundamental mode incidence from left b) Fundamental mode incidence from right 
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metric damping.  Finally, if we look at the surface layer 
situated in the back of the slope with respect to the direction of 
wave incidence, a pattern of multiple reflections are seen, 
especially in the amplitude diagrams.  This implies that the 
fundamental and first higher mode waves interfere with each 
other. 
 
Contribution of Rayleigh and Body Waves 
 
In order to examine the contribution of Rayleigh and body 
waves to the wave field the nodal displacement, {u}, along the 
vertical line at a given horizontal coordinate has been 
decomposed into the eigenmodes corresponding to a hypo- 
thetical parallel layer at its horizontal coordinate. Mode 
separation can be done by: 
 
            VuuV   1   (6) 
 
Since the mode participation factor {α} corresponds to the 
amplitude of each mode, the contribution of the Rayleigh 






















1               (8) 
 
in which, M is the number of physical Rayleigh wave modes 
and N is the total number of generalized Rayleigh wave modes.  
Since the rest of (N-M) mode other than M physical modes is 
considered the contribution of body waves, its ratio is 
computed by Eq. (8).  Fig. 9 shows the resulting contribution 
ratio which corresponds to Fig. 8.  As can be seen from the 
figure that the contribution of the body wave accounts for 
about 20 per cent of the total displacement near the slope and 
it decreases in accordance with the distance from the slope, 
while that of the fundamental mode decreases inversely.  This 
suggests that the damping of the fundamental mode is larger 





In the two-dimensional problem, a plane strain condition is 
assumed for both the ground and wave propagation.  Since the 
SH wave field and the P-SV wave field are independent in this 
problem, the coupling of the Love wave and the Rayleigh 
wave cannot be considered.  It is well accepted, however, 
microtremor is coming from a variety of directions.  In order 
to consider the variation of the directions of incoming surface 
waves, the method can be extended in such a way that, while 
the ground is in the plane strain condition, the incoming wave 
travels in a direction that is not perpendicular to the out-of-
plane direction of the ground.  This problem is often called a 
2.5D problem.  Hereafter, the angle between the incoming 
wave direction and the out-of-plane direction of the ground is 
called an incidence angle. 
Method of 2.5D Analysis 
 
Khair et al. [1989, 1991], have reported a hybrid method that 
combines the finite element method and the boundary integral 
representation for simulating a three-dimensional scattering P, 
SV, SH and Rayleigh wave field due to a cylindrical valley.  
In this study, the hybrid method described in the previous 
section, in which the thin layered element and finite element 
methods are combined, are extended to the 2.5D problem 
(Nagano and Motosaka [1995]).  The formulation of 2.5D 
analysis in this approach is briefly reviewed below.  In the 
2.5D analysis, Fourier transform of state quantities such as 
displacements in the out-of-plane direction is performed first.  
By applying the Fourier transformation to the governing 
equation in elasto-dynamics, the displacement field of the x 
and y directions can be transformed into the in-plane (radial) 
P-SV component and the out-of-plane (transverse) SH 



















































x   (9) 
 
in which, kx is the wave number in the x direction and ky is the 
wave number in the y direction, with the relationship of 
k2=kx2+ky2.  i is the imaginary unit.  Application of the thin 
layered element technique to the transformed governing 
equation leads to the following eigenvalue problems similar to 
the 2D problem. 
            022  vMGBikAk    (10a)          0ˆˆˆˆ 22  vMGAk   (10b) 
 
In the above equations, Eq. (10a) determines the radial 
component and corresponds to Eq. (1) in the 2D problem.  Eq. 
(10b) determines the transverse component and is 
corresponding to the generalized Love wave equation.  In the 
case of N node problem, the number of degrees of freedom of 
Eq. (10a) is 2N and that of Eq. (10b) is N, thus a total of 3N 
degrees of freedom has to be dealt with.  In the 2.5D analysis, 
the apparent velocity of wave propagation plays an important 
role in the computation of the transmitting boundary and the 
driving force and is described later.  This apparent velocity, 
cy0= ω/ ky0, can be determined by the type of incident wave 
and the angle of incidence and is dependent on the frequency 
when the incoming wave is a surface wave.  The so-called 
energy transmitting boundary can be computed by the 
following expressions: 
 
          ZkYiVKVXiR yx   01  (11) 
          ZkYiVKVXiL yx   01  
 
in which, [Kx] is the diagonal matrix which contains wave 
numbers, kx, on its diagonal.  [X]e, [Y]e, [Z]e are given in Eq. 
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(12).  Since a quadratic element is used in this study, the size 

































































































































where, λ and μ are Lamé’s constant.  The finite element 
formulation is also subject to change due to the Fourier 
transformation in the out-of-plane direction.  The stiffness 
matrix [KF] and the mass matrix [MF] can be computed by the 
following expressions: 
 
         11 11 * ddJBDBK FFTFF   (13a) 
        11 11  ddJNNM FTFF  (13b) 
 
in which, [DF] is the stress-strain matrix and [BF] the strain-
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Fig. 8.  2.5D Wave field due to incident Love wave (10Hz, incident angle = 30°)   
a) Fundamental mode incidence from left b) Fundamental mode incidence from right 










































































































































































































































































































































































































































































Fig. 9.  2.5D Wave field due to incident Rayleigh waves (10Hz, incident angle = 30°)   
c) 1st higher  mode incidence from left d) 1st higher mode incidence from right 
a) Fundamental mode incidence from left b) Fundamental mode incidence from right 
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In the above equation, Nj represents the shape function.  In the 
case of a quadrilateral element with 8 nodes, the suffix j varies 
from 1 to 8 and the size of [BF] becomes 6 x 24.  [B*F] is given 
by changing the sign of ky0 in [BF].  |J| is the Jacobian and ξ 
and η represent the local coordinates. 
 
 
2.5D Wave Field due to Incident Surface Waves 
 
Some of the 2.5D analysis results for a sloped ground subject 
to an incident surface wave with an angle of incidence of 30° 
are shown in Figs. 8 and 9.  The analysis was conducted for 
the frequency of 10 Hz.  Figure 8 represents the case for Love 
wave incidence and Fig. 9 corresponds to the case of Rayleigh 
wave incidence.  The analysis model is the same as the one 
shown in Fig. 5, except that the angle of incidence is 30°.  The 
amplitude of the incident wave is determined by considering 
the medium response obtained from the eigenvalue analysis.  
In the case of Love wave incidence, the amplitude was 
adjusted in such a way that the ratio between the Rayleigh and 
Love wave components in the horizontal direction is equal to 
0.7.  From the amplitude diagram in the vertical direction of 
Fig. 8, it is noticed that vertical displacements are generated 
near the slope even for the Love wave incidence.  This 
phenomenon cannot be observed in the 2D analysis.  It is also 
seen that body waves are generated at the slope for all cases 
shown in Figs. 8 and 9, meaning that the wave field becomes 
very complex due to the existence of a slope. 
 
 
H/V SPECTRA DUE TO INCIDENT SURFACE WAVES IN 
AN IRREGULAR GROUND 
 
Figure 10 shows the distribution of H/V spectra on the ground 
surface of a sloped ground.  The color bar on the right-hand 
side of each diagram corresponds to the result of a layered 
ground (1D).  In each diagram, the color indicates the height 
(intensity) of the H/V spectra.  The diagrams on the left-hand 
side of Fig. 10 represent the results for the Rayleigh wave case 
in which Rayleigh waves are coming from both left and right-
hand sides.  The diagrams on the right-hand side of Fig. 10 
correspond to the case in which both Rayleigh and Love 
waves are coming from both left and right at the same time.  
From top to bottom in the figure, the incidence angle varies 
from 0° (2D) to 60°.  The Two diagrams of bottom in Fig. 10 
represent the summation of all the results.  Summation was 
done in terms of the power of each displacement amplitude of 
all the cases.  In the analysis, the spectral ratio H/V was 

























where, W is number of incident waves.  In the above 




Difference among 1D, 2D and 2.5D 
 
It is found from Fig. 10 that the H/V spectrum does not change 
that much in the low frequency range for all cases.  This can 
be understood that the effect of a slope is small because of a 
larger wave length compared to the height of the slope in this 
frequency range.  On the contrary, at about 4 Hz, the H/V 
spectrum gives a fairly large variation even in the distant part 
of the ground from the slope.  This might be a result of an 
influence of the natural frequency of a layered ground which 
is approximately 4.2 Hz.  This means that the influence of 
body waves generated from the slope extends very far in this 
frequency compared with other frequencies (Tokimatsu and 
Tamura [1995]).  In the frequency range higher than 6 Hz, the 
wave field near the slope is much more complex due to the 
interference of body waves and surface waves, as can be seen 
in the figure.  It is possible to point out, however, that the 
spectral ratio becomes close to the one-dimensional result in 
which higher modes of the surface wave are considered.   
 
To summarize, it is confirmed that the H/V spectrum is 
influenced by the irregularity (slope in this study) of the 
ground.  The influence is large near the irregularity and 
decreases in accordance with the distance from the 
irregularity.  It is also confirmed that the peak frequency 
changes according to the angle of incidence, meaning that the 
2.5D result is different from that of 2D.  One of the reasons for 
this can be attributed to the fact that interference between the 
incident wave and waves generated from the slope is 
dependent on the apparent velocity of the incident wave which 
is again dependent on the angle of incidence.  It is worthy of 
note that summation of all the cases gives fairly close results 
 Paper No. 2.17              9 




















































































































Fig. 10.  H/V spectra ( graphs on left side show Rayleigh waves, right side are sureface (Rayleigh and Love) waves) 



























































































































































































Incident angle = 0°   
Incident angle = 30°   
Incident angle = 45°   
Incident angle = 60°  
Incident angle = 0°, 30°, 45° and 60° 
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Comparison with Observations  
 
The following tendencies of the variation of H/V spectra have 
been found in the result of parametric studies not shown in this 
paper: 
 
1) The peak frequency changes in accordance with the 
distance from a slope. 
2) The peak value near the slope is larger compared with the 
ones in the distant location from the slope. 
 
These tendencies of H/V spectra are harmonious with the 
observation results conducted near a slope (Nagata et al.  
[2008]).  This indicates that the 2.5D analysis described above 
can explain the microtremor wave field to some extent.  This 
also implies that there is a possibility of estimating soil 
profiles near a slope based on the microtremor measurement 
through the inversion analysis. 
 
 
Inversion based on H/V Spectra 
 
A preliminary inversion analysis has been conducted based on 



































a target spectrum was selected from the 2.5D analysis results 
described earlier and the inversion analysis based on the 
nonlinear least square method was carried out by applying  the  
1D parallel layer wave propagation theory.  Since the soil 
model consists of two layers, the shear wave velocity of the 
surface layer and the underlying layer and the thickness of the 
surface layer are the three parameters considered in the 
inversion analysis.  The P wave velocities and densities were 
fixed as constant values.  Initial set of parameters were 
randomly selected in the analysis.  Figure 11 shows some of 
the analysis results, in which thick lines represent the targets 
and grey lines indicate the inverted results that correspond to 
different sets of initial parameter values.  From this figure, it is 
seen that the 1D parallel layer assumption gives a fairly good 
estimation to the soil profile for the case of a distant location 
from a slope.  However, its prediction may involve un-
acceptable errors for the case of a location near the slope.  
This preliminary study implies that multi-dimensional analysis 
is necessary for the inversion analysis based on H/V spectra in 
the high frequency range when conducted for the locations 
near the irregularity of the ground (such as a slope), as the 
previous researcher has pointed out its importance for the low 
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In this paper, wave propagation in an irregular ground due to 
incident surface (Rayleigh and Love) waves is formulated by 
combining the thin layered element method and the finite 
element method.  It is well known that microtremor is coming 
from a variety of directions.  In order to consider the variation 
of the directions of incoming surface waves in the 
microtremor wave field, we conducted the 2.5D analysis.  
Based on the numerical analysis, the following conclusions 
can be made: 
 
(1) H/V spectra of horizontally layered medium as well as the 
surface wave modes can be obtained based on the thin layered 
element method. 
 
(2) When an incident Rayleigh/Love wave propagates toward 
an irregular ground, different type of Rayleigh/Love wave 
modes as well as body waves are generated.  
 
(3) In the microtremor wave field due to various incident 
surface waves, it has pointed out that the peak frequency and 
its height of H/V spectrum changes according to the distance 
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